On the groups of automorphisms of Steiner triple and quadruple systems  by Mendelsohn, Eric
JOURNAL OF COMBINATORIAL THEORY, Series A 25, 97-104 (1978) 
On the Groups of Automorphisms of 
Steiner Triple and Quadruple Systems 
ERIC MENDELSOHN 
University of Toronio, Toronto, Canada M5S IA1 
Communicated by the Editors 
Received February 22, 1975 
In [4] Jean Doyen raised the question of whether every group was the auto- 
morphism group of a Steiner Triple System (STS). The answer to this is 
trivially in the affirmative using techniques of Frucht, Hedrlin, Pultr, and 
others (cf. [lo]) but there is a serious defect in that even for finite groups the 
systems obtained are infinite. The purpose of this paper is to correct this 
defect and extend the result to Steiner quadruple systems (SQS). The result 
is obtained through methods of universal algebra as well as combinatorial 
methods. 
As this paper will deal with both the cases of STS’s and SQS’s and both 
cases are similar but with distinct differences we shall adopt the notation 
Theorem l(T), Theorem l(Q), etc., whenever the essential nature of the 
argument is the same but the differences between STS’s and SQS’s is sufficient 
to bear noting, e.g., 
DEFINITION l(T). A Steiner triple system is a pair (S, T) where T is a 
set of 3-subsets of S such that every pair occurs in exactly one member of T. 
DEFINITION l(Q). A Steiner quadruple system is a pair (S, Q) where Q 
is a cohection of Csubsets of S such that every 3-subset occurs in exactly 
one member of Q. 
ALGEBRAIC PROPERTIES 
Most of the following is folklore and the author has been unable to locate 
the original source, however all the results stated without proof are easily 
re-treatable. 
THEOREM l(T). Every STS can be viewed as an algebra with the folIowing 
properties: 
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(a) x 0 x = 0, x00=x, 
(b) xoy=yox, 
(4 XQ(Y”X) = Y 
The multiplication is defined by x 0 y = z H (x, y, z) is a triple or two of 
x, y, z are equal and the third one is 0. Conversly, from any such algebra one 
can recover the STS. (Its size is one less than that of the algebra.) 
THEOREM l(Q). Every SQS can viewed as a (ternary) algebra with the 
following properties: 
(4 4x, Y, 4 = Y, 
(b) 4x, Y, z) = $Y, x, 4 = 4z, x, Y), 
(4 4% Y, 46 Y, 3) = z. 
The operation is defined by 0(x, y, z) = t f-) (x, y, z, t) is a quadruple or if 
two of x, y, z, t are equal then so are the remaining two. Conversly from any 
such algebra one can recover the SDS. (It is the same size as the algebra.) 
We now investigate the relations between certain STS’s and SQS’s and 
the variety of groups of exponent 2, i.e., @Z,“. These will be referred to as 
PG(2, n) recalling that they are indeed projective groups. 
We note that the free algebra in the variety of groups of exponent 2 
has size 2”, and that every finite algebra is free. 
THEOREM 2(T). If we add the law (x 0 y) 0 z = x 0 (y 0 z) to the algebraic 
axioms for an STS we get the variety of groups of exponent 2. Thus every 
algebra is free, and tffree on n generators the STS has size 2n - 1. 
THEOREM 2(Q). If we add the law 0(x, ~(y, t, z), z) = 0(0(x, y, z), t, z) 
to the algebraic axioms of an SQS, we get the variety of groups of exponent 2. 
The relations between the algebras are given by 0(x, y, z) = x + y + z and 
x + y = 0(x, y, z) for any fixed z. Thus all algebras are free. If free on n 
generators has size 2”. 
DEFINITION 2. Let (S, 0) be an algebra with a k-ary operation D, and 
%? = {Si : i E I> a set of subsets of S. We call V a cable of subalgebras of 
(S, 0) if (S, , 0) is a subalgebra, and 1 S, n Sj 1 < 2 (i # j). 
DEFINITION 3. Let (S, 0) and (T, 0) be algebras, the operations o and v 
having the same arity k. Let further @? = (S, : i E I} be a cable of subalgebras 
of (S, 0) and q$ : T + Si a bijection for each i E I. Let us define the algebra 
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(S, V) by replacing each subalgebra (& , 0) of (S, 0) by cbi(T, V), whence 
setting 
Wl ?‘.., &I = bicv(~;‘(x,),..., $fYx,N if x1 ,..., xk E & 
= 0 x1 )..., Xk) ( if {x1 ,..., x~}cs- uv. 
Note that this definition may not define an algebra, for V is not defined 
uniquely if x1 ,..., xk E Si n Si . 
DEFINITION 4. A class X of algebras is a replacement class, if for all 
(S, D), (T, V) E X, all cables and all families of corresponding mappings 
& , the resulting algebra (S, V) is defined and belongs to LX?. 
The following is clear: 
THEOREM 3. STS’s and SQS’s when viewed as varieties of algebras are 
replacement classes. 
The main technique of this paper will be note first that in a free algebra 
any map of generators extends uniquely to an automorphism. We start 
with a free algebra and “cable” it in such a manner as to force generators 
to map to generators and only in a prespecified manner, thus forcing the 
entire system to have prescribed automorphism group. 
DEFINITION 5. A directed 4-system is a pair (X, R) where R C X4. For 
r = (x1 ,..., xq) E R we call x1 and xq the endpoints of r. 
DEFINITION 6. An automorphism of a directed 4-system is a bijection 
c$: X + X such that 
(xl , x2 , x3 , xd E R - C~<x,>,..., KG)) E R. 
DEFINITION 7. For (X, R) a directed 4-system and r = (x1 ,..., x4) E R, 
set [r] = {x1 ,..., x4}. We call (X, R) amicable if 
(a) for each r E R, /[r]l = 4 (i.e., the components of r are distinct); 
(b) for r, s E R, r # s implies j[r] n [s]l < 1; and any x E [r] n [s] 
is an endpoint of both r and s; 
(c) every element of X is a component of some r E R. 
DEFINITION 8. An oriented graph is a pair (X, S) where S is an irreflexive 
antisymmetric relation. 
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THEOREM 4. Everyjinite group is isomorphic to the group of automorphisms 
of an amicalbe directed 4-system. 
Proof. An old theorem of R. Frucht says that every finite group is the 
group. Define 
x = Y w (S x (0, I}), 
R = 0, (e, 01, (e, 11, Y): e = 6, Y) ES>. 
It is clear that Aut(X, R) g Aut(Y, S). 
Two COMBINATORIAL RESULTS 
THEOREM 5(T). There is an STS, of order 15, which is automorphism free 
and has no subsystems of order 7 [3]. 
ProojI The proof of this is by tedious exhaustion. See Table I. 
THEOREM 5(Q). There is an SQS of order 16 which is automorphism free 
and has no subsystem of order 8. (This system and its properties were discovered 
by Phelps of Auburn University and Gibbons of University of Toronto. [6, 7, 
12-141). 
Proof. The proof of this was performed by a computer. See Table II. 
COROLLARY l(T). Every triangle (three points not in a triple) generates 
the whole system. 
COROLLARY l(Q). Every tetrahedron (four points not in a quadruple) 
generates the whole system. 
SOME MORE ALGEBRA 
Let (X, R) be an amicable directed 4-system. Let (F(X), 0) denote PG(2, X) 
viewed as a Steiner system. We note that as every element of (F(X), 0) is 
a unique word in X, we may name the elements of F(X) by these expressions. 
Let S, = (x1, x2, x3, x4), where r = (x1, x2, x3, xq) E R. Then, by 
amicability, $?? = (S, : r E R} is a cable, Let (7’, v) denote the Steiner system 
(algebra of order 16), constructed in Theorem 5. Let (F4 , 0) = 
(fi ,fi , f3 ,f4) = PG(2,4) be the free algebra on 4 generators. Let $: T + F4 
denote a fixed bijection (taking 0 to 0 in the STS case) and #,. : (F* , O) + 
(S, , 0) the canonical isomorphism, takingfi to xi (r = (x1 ,..., x,)). 
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TABLE II 
-r 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
TABLE I 
0 1 2 3 
0 1 4 14 
0 1 5 7 
0 1 6 12 
0 1 8 10 
0 1 9 11 
0 1 13 15 
0 2 4 5 
0 2 6 7 
0 2 8 9 
0 2 10 11 
0 2 12 13 
0 2 14 15 
0 3 4 7 
0 3 5 6 
0 3 8 11 
0 3 9 12 
0 3 10 15 
0 3 13 14 
0 4 6 10 
0 4 8 15 
0 4 9 13 
0 4 11 12 
0 5 8 12 
0 5 9 14 
0 5 10 13 
0 5 11 15 
0 6 8 13 
0 6 9 15 
0 6 11 14 
0 7 8 14 
0 7 9 10 
0 7 11 13 
0 7 12 15 
0 10 12 14 
T 
- 
12 4 7 
12 5 6 
1 28 11 
12 9 10 
1 2 12 15 
1 2 13 14 
13 4 5 
13 6 7 
13 8 9 
1 3 10 11 
1 3 12 13 
1 3 14 15 
14 6 8 
14 9 12 
1 4 10 15 
1 4 11 13 
15 8 13 
1 5 9 15 
1 5 10 12 
1 5 11 14 
16 9 14 
1 6 10 13 
1 6 11 15 
17 8 15 
17 9 13 
1 7 10 14 
1 7 11 12 
1 8 12 14 
23 4 6 
23 5 7 
2 3 8 10 
2 3 9 11 
2 3 12 14 
2 3 13 15 
2 4 8 12 
2 4 9 15 
2 4 10 13 
2 4 11 14 
2 5 8 14 
2 5 9 12 
2 5 10 15 
2 5 11 13 
2 6 8 15 
2 6 9 13 
2 6 10 14 
2 6 11 12 
2 7 8 13 
2 7 9 14 
2 7 10 12 
2 7 11 15 
3 4 8 13 
3 4 9 14 
3 4 10 12 
3 4 11 15 
3 5 8 15 
3 5 9 13 
3 5 10 14 
3 5 11 12 
3 6 8 14 
3 6 9 10 
3 6 11 13 
3 6 12 15 
3 7 8 12 
3 7 9 15 
3 7 10 13 
3 7 11 14 
4 5 6 15 
4 5 7 12 
4 5 8 11 
4 5 9 10 
4 5 13 14 
4 6 7 13 
4 6 9 11 
4 6 12 14 
4 7 8 9 
4 7 10 11 
4 7 14 15 
4 8 10 14 
4 12 13 15 
5 6 7 14 
5 6 8 9 
5 6 10 11 
5 6 12 13 
5 7 8 10 
5 7 9 11 
5 7 13 15 
5 12 14 15 
6 7 8 11 
6 7 9 12 
6 7 10 15 
6 8 10 12 
6 13 14 15 
7 12 13 14 
8 9 10 11 
8 9 12 13 
8 9 14 15 
8 10 13 15 
8 11 12 15 
8 11 13 14 
9 10 12 15 
9 10 13 14 
9 11 12 14 
9 11 13 15 
10 11 12 13 
10 11 14 15 
Define & : T + S, by dr = 1+4r#. 
Now apply the cable replacement construction (Definition 3) to the algebras 
(F(X), o), (T, v), the cable V, and the family (& : r E R) of bijections. The 
result is a Steiner system (F(X), v) in view of Theorem 3. 
We shall now make an assumption to be proved later: 
Assumption *. If L CF(X) and (L, v) is a subalgebra isomorphic to 
(7’, v), then L = S, for some r E R, i.e., there are no gratuitous copies of 
(C v> in FIX), v). 
THEOREM 6. Under *, Aut(X, R) E Aut(F(X), v). 
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ProoJ Let f E Aut(X, R), then f: X + X, so f extends uniquely to 
3~ Aut@‘(X), 0) as (F(X), 0) is free. f' is a so in Aut(F(X), v) by the construction I 
of (co, v). 
We now claim that if g E Aut(F(X), v), then f = 3 where f = g 1 X. For 
let x E X, then x = xi for some r = (x1 ,..., x4) E R. Now g(S,) = S, for 
some s E R by *. As (T, v) is automorphism-free, there is a unique iso- 
morphism $#: (S, , v) + (S, , v). This implies that g / S, = 4&l. In 
particular, g(x) E X, X is invariant under g. Let g 1 X = J Now f o Aut(X, R) 
since g takes any r E R to some s E R. Clearly, X is a generating set 
of (F(X), v). We conclude that g and j have to agree on the whole F(X). 
The next section of the paper is devoted to proving *. 
THEOREM 7. * holds in (F(X), v). 
By construction, we observe: 
(l.F)(T) if a 0 b # a v b, then a, b E S, for some r E R (a, b E F(X)). 
(l-F)(Q) if ~(a, b, c) # v(a, b, c), then a, b, c E S, for some r E R 
(a, b, c E E;(x)). 
The algebra (7’, v) being nonisomorphic to (F4 , o), the associativity law 
described in Theorem 2 does not hold in (L, v); but it does hold in (F(X), 0). 
This implies that 
(T) a 0 b # a v b, (Q) oh, b, c) f vta, b, cl 
for some a, b, c E L. By (1 .F), a, b (and c) belong to S, for some r E R. 
If some d # a v b (d # ~(a, b, c)) also belongs to L n S,. , then {a. b, d} 
is a triangle ((a, 6, c, d) is a tetrahedron). They then generate both L and 
S, by Corollary 1. Hence L = S, and we are done. Assume now that no such 
d exists. Let e E L - S, . Assume first that e ES, for some s E R, s # r. 
As 1 S, n S, 1 < 2 (and a, b # 0 ES, n S, in the STS case), by suitably 
renaming the elements of <a, b) ((a, b, c>, resp.) we may assume that a, b 4 S, . 
Now, by (l.F) 
uve=aoe, 
b v e = b 0 e, and 
(a 0 e) v (b 0 e) = (a 0 e) 0 (b 0 e). 
Hence 
a 0 b = (a v e) v (b v e) E L. 
ButaobES,,and 
a, b, a 0 b form a triangle 
in (S, n L, v), contrary 
to assumption. 
vta, c, e> = ~(a, c, e), 
v(b, c, e) = o(b, c, e), and 
vt+, c, 4, 4b, c, 4, c> 
= o(o(u, c, e), o(b, c, e), c) = ~(a, b, c). 
Hence, ~(a, b, c) E L. 
But o(u, b, c) E S, , and 
a, b, c 0 (a, b, c) form a 
tetrahedron in (S, n L, v), 
contrary to assumption. 
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This implies that for any e EL - S, we have e $ u{S, : s E R}. We infer 
that 
ave=aoeand ~(a, c, e) = o(a, c, e) and 
bve=boe. v(b, c, e) = o(b, c, e). 
NowasaveEL-SS,, Now v(a,c,e)EL-SS, 
(a v e) v (b v e) = (a v e) 0 (b v e). v(v(a, c, 4, v@, c, 4, cl 
This latter is equal to a 0 b. = 4v(a, c, 4, VP, c, 4, cl. 
But a 0 b E L leads to a This latter is equal o(a, c, c). 
contradiction, as above. But o(a, b, c) E L leads to a 
contradition, as above. 
CONCLUSIONS AND WORKPOINTS 
THEOREM 8. For any group G, there exist a STS and a SQS, whose auto- 
morphism group is G, and whose size is less than 1 G lclG 1. 
Proof. In [l], a graph with c1 1 G / log 1 G / edges and with automorphism 
group G has been constructed. Using the methods of [lo], one can easily 
obtain an oriented graph (X, R) with the same group and c2 1 G 1 log I G j 
edges. Use this (X, R) to construct (F(X), V). 
THEOREM 9. Given a finite distributive lattice dp and groups G, (X E L) 
there exists a Jinite STS (SQS, resp.) (F, v) and a lattice-embedding o of 9 
into the subalgebra lattice of (F, v) such that Aut(o(h), v) s G, (h E 2). 
THEOREM 10. Given a Jinite distributive lattice 2 and groups GA (X E 3) 
there exists a finite STS (SQS, resp.) (F, v) and a lattice-embedding 0 of 5? 
into the congruence lattice of (F, v) such that Aut((F, v)/&h)) s G,, (h E 2). 
Proof. Theorems 9 and 10 follow from the analogous results by Babai [2] 
on graphs. 
THEOREM 11. Any Jinite STS can be embedded in a$nite STS with given 
group. 
Proof. We use Lindner’s [8] result that any union of Steiner triple systems 
can be embedded in a Steiner system. Thus an STS of order k and a STS 
of order 3” (chosen to be the affine space, i.e., (ab)(cd) = (ac)(bd)) can be 
embedded in a STS of order 6(3” + k) + 3. This can then be embedded as 
a unique subsystem by Rosa and Lindner’s results [9] in an automorphism- 
free system of order 2” - 1 having no subsystem of order 2+l + 1. By 
choosing CD, so that the system of order 3k is in the “interior”, i.e., if 
a, b $ (T, v), then a v b is not in the subsystem and using amicable directed 
n-systems the theorem follows [I 11. 
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Workpoint 1. Can the expression in Theorem 8, 1 G IclGI, be reduced to 
a polynomial in 1 G /? 
Workpoint 2. Is there automorphism-free SQS of every admissable 
order? ($10) 
Workpoint 3. Can any finite SQS with given group? 
ACKNOWLEDGMENT 
The author would like to express his appreciation to L. Babai for his substantial help 
in reorganizing the material. 
REFERENCES 
1. L. BABAI, On the minimum order of graphs with given group, Canad. M&z. BUN. 
17 (1974), 467-470. 
2. L. BABAI, Congruence lattice and factors with given endomorphism monoid, in pre- 
paration. 
3. F. N. COLE, L. D. CUMMINGS, AND H. S. WHITE, The complete enumeration of triad 
systems in 15 elements, Proc. Nat. Acad. Sci. U.S.A. 3 (1917), 197-199. 
4. J. DOYEN, Recent results on Steiner triple systems, in “Finite Geometric Structures 
and Their Applications (C.I.M.E., II Ciclo Bressanone 1972),” pp. 201-210, Edizioni 
Cremonese, Rome, 1973. 
5. R. FRUCHT, Herstellung von Graphen mit vorgegebener abstrakter Gruppe, Compositio 
Math. 6 (1938), 239-250. 
6. P. B. GIBBONS AND R. MATHON, On a new class of Steiner quadruple systems on 16 
symbols, in “Proceedings of the Conference on Algebraic Aspects of Combinatorics 
(Toronto 1975) Congresus Numerantium XIII,” pp. 227-232, Utilitas Math. Publ. 
Inc., Winnipeg, 1975. 
7. P. B. GIBBONS, R. MATHON, AND D. G. CORNEIL, Steiner quadruple systems on 16 
symbols, in “Proceedings of the 6th South-Eastern Conference on Combinatorics, 
Graph Theory and Computing (Boca Raton 1975), Congressus Numeratium XIV,” 
pp. 345-365, Utilitas Math. Publ. Inc. Winnipeg, 1975. 
8. C. C. LINDNER, A partial Steiner triple system of order n can be embedded in a Steiner 
triple system of order 6n + 3, J. Combinatorial Theory, Ser. A 18 (1975), 349-351. 
9. C. C. LINDNER AND A. ROSA, On the existence of automorphism free Steiner triple 
systems, J. Algebra 34 (1975), 430433. 
10. E. MENDELSOHN, On a technique for representing semigroups as endomorphism semi- 
groups of graphs with given properties, Semigroup Forum 4 (1972), 283-294. 
11. E. MENDELSOHN, Every group is the group of automorphism of a strongly regular 
graph, in preparation. 
12. K. T. PHELPS AND P. B. GIBBONS, A rigid SQS exists on 16 elements having no subsystem 
of order 8. (Private communication at Seminar in Algebraic Aspects of Combinatorics.) 
13. K. T. PHELPS, “Derived Triple Systems of Order 15,” M.Sc. Thesis, Auburn University, 
August, 1975. 
14. K. T. PHELPS, Some sufficient conditions for a Steiner triple system to be a derived 
triple system, J. Combinatorial Theory, Ser. A 20 (1976), 393-397. 
